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Abstract : Russiva and Crookes proposed the widely used, highly efficient, robust Q-score parameter scale in
their 1993 work, and they approximated it using "fast" Huber's M-scores. Shown What proposed us M-scores are
highly efficient and robust on arbitrary nom distributions, thanks to correct choice parameter approximations.
We pay particular attention to the Cauchy divisions and cases of Gaussian distribution . Important terms:
Cauchy's law, parameter scale, robustness, and Gaussian distribution With the Q-estimate as a foundation, the
M-estimates of the scale parameter are very efficient and robust. Rousseeuw and Croux (1993) proposed the scale
parameter of Q-estimate, which is often used with fast Huber M-estimates, and we were able to get rather close
to it. By meticulously choosing the approximation parameters, we proved that the proposed M-estimates are
efficient and resilient for any data distribution. In order to measure the robustness and efficiency of scale M
estimates , we calculated their asymptotic variances; breakdown points , and influence functions. The Cauchy and
Gaussian distributions were our main focus. Notably, the proposed robust estimate is consistent the Maximum
likelihood estimation for the Cauchy distribution. Last but not least, these robust and efficient scale estimates
need three to four times less computing time than their comparable Q-estimates .The research provides robust
and efficient solutions for estimating distribution parameters more quickly and with less complexity, making them
suitable for applications requiring fast and accurate computations.
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1. INTRODUCTION

In statistical analysis, the mass headquarters parameter is a crucial metric for evaluating
problems [1, 2, 6, 8, 10]. Currently, the best time is considered to be relatively highly
efficient Qp, assessment-scale parameters (n-sample size) . This estimate defines the first
quarter-style the distances between observations ;

Qn =a{|xj-xj [}(Kk)
A state of influence and effective activity evaluations are provided when A is constant
k=Ch=[n/2]+1)

We know that the Q,, following expression determines the influence function of the Q,,
estimator : €'=0,5.

the approach yields a high asymptotic efficiency of 82%. One of its drawbacks is that
the computation procedure, which uses Q( N In(n) ) time and same amount of memory, has a
high asymptotic complexity

The computational cost of the scale parameter is minimal of robust M-estimates , on
other hand . On top of that, there are chances to make them more efficient

This motivated the current effort, which aimed to build a computationally efficient and

robust approximation of the (Qp, ) estimate and then tailor it to different distributions.
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2. THE PROBLEM

The issue Assuming we have solved the equation , we can look at the set of M-
estimateions S, for the scale parameter, The evaluation function X (x) is usually even and non-
decreasing for all values of x greater than 0, as shown in (1), where

XX (xj/S,)=0 ... (1)
Estimator Q,, around which For statistical study of estimations

the impact function IF (X; S, F) is a valuable tool. Point X is "clogging" the evaluation
function S = S(F), and this informs us how much the value of S has changed on the distribution
F . There is a known impact function that describes the asymptotic variance of the estimate S.
The expression is used :

AV (S,,F) =fIF (x; S, F)?dF (x).

An essential characteristic of the class of M estimates of the scale parameter (1) is
that, up to a coefficient, the impact function IF (x; S, F) is identical to the evaluation function
X (x).

IF (x; S, F) o X (x)

It means that any allowable impact function and efficiency may be used to generate an

M-estimate. You may find the estimate's effect function in The following statement .
You may write it as :

IF (;Q,F) = A[(1/4) - F(x + a™) + Fx - a )] [[fy +a) f) dy | (2)

To avoid include the normalising integral in expression (2), we may use expression (1)
to find the evaluation function up to an arbitrarily large factor. The evaluation function then
produces an M-estimate, which is the same as the estimate. The output is the product of the
following integrals.

() =7- A [Fx+a?)-F(x-a] 3)

Thus, the features obtained from it are consistent since, as the influence function IF
(X; xQ, F) is congruent with IF (x; Q, F).

Let us perform (3): we will make the replacement a. = a =1, while we will not fix a,
considering this value as a parameter for adjusting the estimate , we will proceed to expand
the distribution function F into a Taylor series, leaving only the initial three terms.

Let us perform (3): we will make the replacement o = a ~*without modifying a. After
that, we'll extract the first three terms of the Taylor series from the distribution function F and

extend it. The following outcome is obtained by combining functions (3) and (4),
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F(Fe) = FO) £ af() 45 <2 f(0 42 o FE) +o(o?)  (4)

e Consider an analytic function on R that represents the probability density function
f(x). A family of M-estimates is shown here, with evaluation functions of the type and

a single parameter for each.
1
X (%) = Ay — 2f(%) — 2 o? f(x) (5)

This set of MQ,, estimations is called a family. All estimations are guaranteed to be
consistent by the constant (A) in expression (5)

The Gaussian distribution

For a distribution density , we may apply the M-estimator as follows
f (x) = o(x) = (2n) /2 exp (—x2/ 2)
Afterwards , ¢ "(x) = (x°-1) ¢(x)

Here is the form that evaluation function takes:

_ 12-oc?

Xe() = [Ax =36+ (2= D] 9 () , Ac=p= (6)

An important special case occurs when o= 0 expression (6) takes the form

When equation (6) is expressed as @(x)... when o«= 0, a significant exception arises :
Xo(x) = %— 20(X)  eeeeenn(7)

This result bears similarities to the generalized Welch estimator [3], as provided by

X = -3 l d>0
Y= Javz” P a

as shown by When d=2, this approximation lines up with the CM approximation of the
scale parameter given by equation (7). According to equation (7), the asymptotic variance for
the estimate can never be more than 95.9%.
The following outcome may be inferred from this
Theory 1 : For a B-robust Gaussian distribution with a € [0; 2], the formula gives a bounded
impact function
2(12 —o?) — 8 (6 +o2 (X2 — 1)) §(x)

3(4 —x2)

The proof of the theorem may be found in [9]. It relies on including the MQ,, estimator's

IF(x; MQ, ¢) =

evaluation function.
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With an evaluation function of type (7), the asymptotic efficiency of such estimators is
81%, which is 1% lower than the asymptotic efficiency of Qn-estimators on a Gaussian
distribution. The result is a dramatic acceleration in processing speed.
The Cauchy distribution

let's think about evaluation functions of the kind (5) and estimates for the Cauchy

distribution with "heavy tails"... As a result, the density distribution looks like this
1
(1 +x32)’

In the scenario when a = 0, we take into account the MQ,, -estimate in order to get a

f(x) =

minimal algorithm complexity. The other parameter values provide inferior outcomes,
therefore we aren't interested in them

Theory 2: MQ,, Evaluation of Distribution Equation (5) uses an evaluation function of
the type to get the error as the greatest likelihood estimate for a given distribution.

1x%2-1
XO(X):EXZ+1

In [9], we also present the proof of the theorem.

On a Cauchy distribution, the asymptotic effectiveness of such a scale parameter
estimate may reach 100%; on a Gaussian distribution, it stays below 50%. Last thoughts and
suggestions We provide accurate scale parameter estimations for a large class of distributions
that are characterised by fast calculation and minimal method complexity .

On a Cauchy distribution, the asymptotic effectiveness of such a scale parameter
estimate may reach 100%; on a Gaussian distribution, it stays below 50%.

3. CONCLUSIONS AND RECOMMENDATIONS

We provide accurate scale parameter estimations MQ,, for a large class of distributions
that are characterised by fast calculation and minimal method complexity. The efficiency of the
suggested estimates is comparable to that of the robust Q,, estimator, which is very efficient.
We have theoretically studied important cases of Gaussian and Cauchy distributions in an
asymptotic manner. We plan to apply the proposed approach to parametric families of t- and

exponential power distributions , we will use the suggested method.
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